Abstract. We show that comparatively simple expressions for the Alfven wave coupling coefficients can be deduced from the well-known Hall-magnetohydrodynamics (MHD) model equations.
Introduction
The nonlinear properties of Alfven waves (e.g. Stasiewicz et al. 2000) are most important ingredients in explaining several kinds of space observations (e.g. Chmyrev et al. 1988; Petviashvili and Pokhotelov 1992; Sundkvist et al. 2005) . Consequently, there are numerous papers (e.g. Shukla et al. 1982; Shukla and Stenflo 1995; Voitenko et al. 1998; Fedun et al. 2004; Ruderman and Caillol 2008) devoted to explanations of various kinds of Alfven waves. Very recent papers (e.g. Rudakov et al. 2011; Kumar and Sharma 2011; Zhao et al. 2011 Zhao et al. , 2012 Das et al. 2012; Kumar 2012 ) confirm the increasing interest in such phenomena. Zhao et al. (2011) thus considered the interaction between three Alfven waves, where one wave propagates along the external magnetic field whereas the other two waves have oblique propagation directions. Furthermore, Zhao et al. (2012) showed that such couplings lead to large-scale self-organized convective vortex and vortex chain configurations (e.g. Chmyrev et al. 1988) .
In the present paper we are going to point out that the well-known Hall-magnetohydrodynamics (MHD) equations yield results (Brodin and Stenflo 1990 ) that seem to have been overlooked for more than two decades, but now anyhow ought to be considered.
Equations
Twenty-five years ago we (Brodin and Stenflo 1988) adopted the well-known ideal MHD equations. Thus, we started with the following equations:
and to consider the interaction between magnetosonic and Alfven waves. Here d/dt = ∂/∂t + v · ∇, ρ is the density, v is the fluid velocity, B is the magnetic field, and c s is the ion sound velocity. Studying a uniform magnetized plasma with an external magnetic field B =B 0ẑ , we first linearized (1)-(3) to re-derive the following linear dispersion relation:
1/2 is the Alfvén speed, ω is the wave frequency, k is the magnitude of the wave vector k, and k z is its z-component. We then used the weakly nonlinear version of (1)- (3) to consider the interaction between three magnetosonic waves, two magnetosonic waves and one Alfven wave, one magnetosonic wave and two Alfven waves as well as three Alfven waves. In the last case, it turned out that the coupling coefficients were zero.
In order to reconsider the interaction between three Alfven waves, we then generalized (3) to replace it with the corresponding Hall-MHD equation,
where e and m i are the ion charge and mass respectively. The linear dispersion relation then turned out to be (Brodin and Stenflo 1990)
where ω ci = eB 0 /m i is the ion cyclotron frequency. The dispersion relation (6) was later reconsidered (e.g. Hirose et al. 2004 ) and renamed and discussed further (Bellan 2012) . As the general coupling coefficients for three-wave interaction between Hall-MHD waves derived by Brodin and Stenflo (1990) turned out to be rather complex, the case of three Alfven waves was not further discussed at that time. In order to proceed and simplify the formulas, we shall therefore, in the present paper, only consider the case where
waves. Using (6), the root corresponding to the shear Alfvén wave can then be approximated by
where ρ = c s /ω ci , λ e = c A /ω ci , and k ⊥ is the magnitude of the wavenumber perpendicular toẑ. We note that the factor (1 + k 4 ρ 2 /k 2 ⊥ ) in the numerator of (7) Next we consider the resonant interaction between three Hall-MHD waves which satisfy the matching conditions
and
One then finds the equations (Brodin and Stenflo 1990)
where ρ j (j = 1, 2, 3) is the density perturbation of wave j andD
The general expression for the coupling coefficient C for arbitrary Hall-MHD wave modes governed by (6) is given in Brodin and Stenflo (1990) . For the case of three shear Alfvén waves with kc A ∼ kc s ∼ ω Ӷ ω ci , where the approximate dispersion relation (7) applies for all interacting waves, the expression for the coupling coefficient immediately reduces to
where
Next we rewrite the three wave equations (10) and (11) in terms of the velocity amplitude, where the velocity can be expressed in terms of the density from and Stenflo 1990) . Simplifying the formulas (12), (13), and (14) using the dispersion relation (7) for each wave, we then find that the coupled equations reduce to
where v j = |v j |. Comparing the magnitude of the coupling coefficient in (15) and (16) 
Summary and conclusion
The Hall-MHD equations have previously successfully described the resonant nonlinear interactions between three magnetosonic waves, two magnetosonic and one Alfvén waves as well as one magnetosonic and two Alfven waves Stenflo 1988, 1990) . Using the equations in Brodin and Stenflo (1990) one can in a comparatively simple way also consider the coupling between three Alfvén waves. It should however be stressed that using a rigorous description of Alfven waves, one finds dispersion relations (13) and (14) in Shukla and Stenflo (2000) , which for some propagation directions differ significantly from the dispersion relation (7) derived from the Hall-MHD description in the present paper. The coupling coefficients here are also somewhat different from those of a rigorous derivation (Stenflo and Brodin 2006, Appendix A) . However, the simplicity of the present analysis may have some pedagogical advantages as compared with other more complex attempts if the results are explored with due caution.
